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Existence results for the second-order three-point boundary value problem
 .  .  .  .  .x0 s f t, x, x9 , x 0 s A, x h y x 1 s h y 1 B, 0 - h - 1, are presented. Our
analysis is based on a Nonlinear Alternative of Leray-Schauder. Q 1997 Academic
Press
1. INTRODUCTION
In the classical problem of solving linear partial differential equations by
method of separation of variables, one encounters differential equations
containing several parameters with the auxiliary requirement that the
solutions satisfy a boundary condition at several points see Gregus,
w x .Neumann, and Arscott 6 for references . Other examples of multipoint
boundary value problems can be obtained when looking for solutions of
 w x.one dimensional free-boundary problems see Berger and Fraenkel 2 . In
this case some of the boundary points are usually unknown and should be
determined as part of the problem. The vibrations of a guy wire of a
uniform cross-section and composed of N parts of different densities can
 w x.be set up as a multipoint boundary value problem see Moshinsky 11 .
Also many problems in the theory of elastic stability can be handled by the
 w x.method of multipoint problems see Timoshenko 15 . This class of
problems falls in the category of what is usually referred to as interior
problems. Some of the boundary conditions are natural boundary condi-
tions. The others are usually imposed for engineering design, stability
problems, etc.
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In this work, we consider the following second order three-point bound-
ary value problem
x0 s f t , x , x9 , 0 - t - 1, 1.1 .  .
x 0 s A , x h y x 1 s h y 1 B , 1.2 .  .  .  .  .
 . w xwhere h g 0, 1 , f : 0, 1 = R = R ª R is continuous, and A, B g R.
For the homogeneous
x0 s f t , x , x9 , 0 - t - 1 1.3 .  .
x 0 s 0, x h y x 1 s 0, 1.4 .  .  .  .
several authors have established some existence theorems under a growth
restriction on f of the form
< < < < < <f t , z , z F p t z q q t z q r t .  .  .  .1 2 1 2
 w x .see 7, 9, 10 for details . The purpose of this paper is to obtain solutions
 .  .to 1.1 ] 1.2 . We shall replace the growth restriction mentioned above by
some sign conditions of f about the origin. We note that if x is a solution
 .  .  .  .of 1.1 ] 1.2 then there exists at least a j g h, 1 , such that x9 j s B.
Accordingly, the boundary value problem
x0 s f t , x , x9 , 0 - t - 1, 1.5 .  .
x 0 s A , x9 1 s B , 1.6 .  .  .
 .  .can be considered as a limiting case of the problem 1.1 ] 1.2 when
 .  .  .  .h s 1. Our result for 1.1 ] 1.2 gives an existence result for 1.5 ] 1.6
 . w xsee Corollary 1 below . This result generalizes 8, Theorem 3.1 .
The existence discussion is based on a Nonlinear Alternative of Leray-
w xSchauder 12 .
 .THEOREM Nonlinear Alternative . Assume that U is a relati¨ ely open
subset of a con¨ex set K in a Banach space E. Let N: U ª K be a compact
map and assume p g U. Then either
 .i N has a fixed point in U; or
 .  .  .ii there is a u g ­U and l g 0, 1 such that u s lNu q 1 y l p.
kw xLet C 0, 1 be the space of all k-times continuously differentiable
w xfunctions x: 0, 1 ª R with the usual norm
5 5 5 5 5 5 5 k . 5x s max x , x9 , . . . , x , 1.7 4  .k 0 0 0
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5 5  <  . < < 4 k w xwhere x s max x t 0 F t F 1 . Let C 0, 1 be those functions in0 B0kw xC 0, 1 that satisfy the boundary condition
x 0 s 0, x h y x 1 s 0. 1.8 .  .  .  .
Consider the problems
x0 s l f t , x , x9 , 0 - t - 1, 1.9 .  .
x 0 s 0, x h y x 1 s 0, 1.10 .  .  .  .
2 w x w xwhere 0 - l - 1. Define L: C 0, 1 ª C 0, 1 by Lx s x0, then L isB0
one-to-one. Applying the Nonlinear Alternative we immediately obtain the
following
1w xTHEOREM 1. Let U be an open and bounded neighborhood of 0 g C 0, 1
 .  .such that the problem 1.9 ] 1.10 has no solutions in the boundary ­U of U
for 0 - l - 1. Then the problem
x0 s f t , x , x9 , 0 - t - 1, 1.11 .  .
x 0 s 0, x h y x 1 s 0, 1.12 .  .  .  .
has at least one solution in the closure U of U.
Our analysis therefore reduces to constructing an open and bounded set
 .  .U, such that 1.9 ] 1.10 has no solutions on ­U.
2. EXISTENCE THEOREMS
w xTHEOREM 2. Let f : 0, 1 = R = R ª R be continuous. Suppose there
are constants L , L : L - B - L such that1 2 2 1
 .  .  . w x w < < < <x  .i f t, x, L G 0 for t, x g 0, 1 = A y L , A q L , 2.11 2 1
 .  .  . w x w < < < <x  .ii f t, x, L F 0 for t, x g 0, 1 = A y L , A q L , 2.22 2 1
L y B L y B2 1 .  .  . w xiii F f t, x, p F for t, x, p g 0, 1
1 y h 1 y h
w < < < <x w x  .= A y L , A q L = L , L . 2.32 1 2 1
Then the problem
x0 s f t , x , x9 , 2.4 .  .
x 0 s A , x h y x 1 s h y 1 B 2.5 .  .  .  .  .
has at least one solution x such that L F x9 F L .2 1
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Proof. By the Tietze-Uryshon Lemma there exists a continuous func-
2 w xtion D: R ª y1, 1 such that
< < < <D x , L s 1 for x : A y L F x F A q L , 2.6 .  .1 2 1
and
< < < <D x , L s y1 for x : A y L F x F A q L . 2.7 .  .2 2 1
 .  .  .  .For each integer n G 1 put f t, x, y s f t, x, y q 1rn D x, y . Thenn
< < < <f t , x , L ) 0 for x : A y L F x F A q L , 2.8 .  .n 1 2 1
< < < <f t , x , L - 0 for x : A y L F x F A q L . 2.9 .  .n 2 2 1
Consider the boundary value problems
x0 s f t , x , x9 , t g 0, 1 , 2.10 .  .  .n
x 0 s A , x h y x 1 s h y 1 B. 2.11 .  .  .  .  .
 .  .  .  .Making the change of variables w t s x t y m t , where m t s Bt q A,
 .  .  .  .we see that if x t is a solution of 2.10 ] 2.11 then w t satisfies
w0 s f t , w t q m t , w9 t q m9 t , t g 0, 1 , 2.12 .  .  .  .  .  . .n
w 0 s 0, w h y w 1 s 0. 2.13 .  .  .  .
 .  .The idea is to show that 2.12 ] 2.13 has a solution w such thatn
X w xL y B F w F L y B , t g 0, 1 , 2.14 .2 n 1
 .  .for all n g N. Once this is achieved, then, by combining 2.14 , 2.13 , and
 .  42.12 and using the Arzela-Ascoli theorem, we obtain that w has an
subsequence which converges in C 2-topology to a solution w of the0
problem
w0 s f t , w q m , w9 q m9 , t g 0, 1 , 2.15 .  .  .
w 0 s 0, w h y w 1 s 0. 2.16 .  .  .  .
 .  .Thus w q m is a solution of 2.4 ] 2.5 such that0
L F w q m 9 F L . .2 0 1
Define U as the open and bounded neighborhood of 0 g C1 consisting
of ¨ g C1 such that
L y B - ¨ - L y B , L y B - ¨ 9 - L y B. 2.17 .2 1 2 1
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 .  .  .To prove that 2.12 ] 2.13 has a solution w such that 2.14 holds, itn
1 w xsuffices to verify, in view of Theorem 1, that if w g C 0, 1 satisfiesB0
L y B F w F L y B and L y B F w9 F L y B , 2.18 .2 1 2 1
and
w0 s l f t , w q m , w9 q m9 , t g 0, 1 , 2.19 .  .  .n
 .for some l g 0, 1 , then w g U, i.e.,
L y B - w - L y B , L y B - w9 - L y B. 2.20 .2 1 2 1
1 w x  .  .  .Now let w g C 0, 1 satisfy 2.18 and 2.19 for some l g 0, 1 . SinceB0
L y B F w9 F L y B, we obtain2 1
t
w t s w 0 q w9 s ds F L y B t , .  .  .  .H 1
0
t
w t s w 0 q w9 s ds G L y B t , .  .  .  .H 2
0
or
L y B t F w t F L y B t , .  .  .2 1
or
A q L t F w t q m t F A q L t , .  .2 1
in particular
< < < <A y L F w t q m t F A q L . 2.21 .  .  .2 1
 .  .  .Inequality 2.21 together with 2.8 and 2.9 implies that
w xf t , w t q m t , L ) 0 for t g 0, 1 , 2.22 .  .  . .n 1
w xf t , w t q m t , L - 0 for t g 0, 1 . 2.23 .  .  . .n 2
 . w xSuppose that w9 t s L y B for some t g 0, 1 . We have t - 1 since0 1 0 0
 .  . 1  . 1   .  .  .w9 1 s w9 j q H w0 s ds F 0 q H f s, w s q m s , w9 s qj j n
 ..  . .  ..  .m9 s ds F 1 y j L y B r 1 y h - L y B, where j g h, 1 satis-1 1
 .  .fies w9 j s 0. Hence w0 t F 0 because w9 attains its maximum at t .0 0
 .On the other hand, by 2.22 we get
w0 t s l f t , w t q m t , w9 t q m9 t .  .  .  .  . .0 n 0 0 0 0 0
s l f t , w t q m t , L y B q B ) 0. .  .  . .n 0 0 0 1
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This contradiction proves that w9 - L y B. Analogously w9 ) L y B.1 2
Thus we get
w xL y B - w9 - L y B in 0, 1 . 2.24 .2 1
 .  .  . t  .Inequality 2.24 together with the relation w t s w 0 q H w9 s ds im-0
plies that
L y B - w - L y B. 2.25 .2 1
This completes the proof.
Accordingly, we get the following corollary as an immediate conse-
quence of Theorem 2 when h s 1 for the boundary value problem
 .  .1.5 ] 1.6
w xCOROLLARY 1. Let f : 0, 1 = R = R ª R be continuous. Suppose there
are constants L , L : L - B - L , such that1 2 2 1
 .  .  . w x w < < < <xi f t, x, L G 0 for t, x g 0, 1 = A y L , A q L ,1 2 1
 .  .  . w x w < < < <xii f t, x, L F 0 for t, x g 0, 1 = A y L , A q L .2 2 1
 .  .Then the problem 1.5 ] 1.6 has at least one solution x such that L F x92
F L .1
Remark 1. It suffices to note in the case h s 1 that the boundary
 .condition x9 1 s B implies that
L y B - w9 1 s 0 - L y B , .2 1
which is what is required in applying the condition
 .  .  .  .  .  .  .iii L y B r 1 y h F f t, x, p F L y B r 1 y h , for t, x, p2 1
w x w < < < <x w xg 0, 1 = A y L , A q L = L , L ,2 1 2 1
to show t - 1 in the proof of Theorem 2.0
w x w xRemark 2. Corollary 1 generalizes 8, Theorem 3.1 . In 8 , the condi-
 .tions imposed in f t, x, y are local with respect to t and p; but in
Corollary 1 they are also localized with respect to x.
We have the following ``Dual'' of Theorem 2.
w xTHEOREM 3. Let f : 0, 1 = R = R ª R be continuous. Suppose there
are constants L , L : L - A - L such that3 4 4 3
 .  .  . w x w < < < <xi f t, x, L F 0 for t, x g 0, 1 = B y L , B q L ,3 3 4
 .  .  . w x w < < < <xii f t, x, L G 0 for t, x g 0, 1 = B y L , b q L ,4 3 4
 .  .  .  .  . w xiii A y L rh F f t, x, p F A y L rh, for t, x, p g 0, 1 =3 4
w < < < <x w xB y L , B q L = L , L .3 4 4 3
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Then the problem
x0 t s f t , x , x9 , 0 - t - 1 2.26 .  .  .
x h y x 0 s hA , x 1 s B 2.27 .  .  .  .
has at least one solution x: L - x9 - L .4 3
Proof. By means of the transformations
t s 1 y s, y s s yx 1 y s , 2.28 .  .  .
 .  .2.26 ] 2.27 is equivalent to the problem
y0 s s yf 1 y s, yy s , y9 s 2.29 .  .  .  . .
y 0 s yB , y 1 y h y y 1 s 1 y h y 1 A. 2.30 .  .  .  .  .
Ã .  .Clearly, f s, x, p s yf 1 y s, yx, p satisfies all conditions of Theorem
 w < < < <x w < <2. We note that yr g B y L , B q L if and only if r g yB y L ,3 4 4
< < .yB q L .3
w xCOROLLARY 2. Let f : 0, 1 = R = R ª R be continuous. Suppose there
are constants L , L : L - A - L , such that3 4 4 3
 .  .  . w x w < < < <xi f t, x, L F 0 for t, x g 0, 1 = B y L , B q L ,3 3 4
 .  .  . w x w < < < <xii f t, x, L G 0 for t, x g 0, 1 = B y L , B q L .4 3 4
Then the problem
x0 t s f t , x , x9 , 0 - t - 1 .  .
2.31 .
x9 0 s A , x 1 s B .  .
has at least one solution x: L - x9 - L .4 3
w xRemark 3. Corollary 2 generalizes 8, Theorem 3.2 .
As an immediate consequence of Theorem 2 when h s 0, we get the
following existence theorem for the Dirichlet problem.
w xCOROLLARY 3. Let f : 0, 1 = R = R ª R be continuous. Suppose there
are constants L , L : L - B - L such that1 2 2 1
 .  .  . w x w < < < <xi f t, x, L G 0 for t, x g 0, 1 = A y L , A q L ,1 1 2
 .  .  . w x w < < < <xii f t, x, L F 0 for t, x g 0, 1 = A y L , A q L ,2 1 2
 .  .  . w x w < <iii L y B F f t, x, p F L y B for t, x, p g 0, 1 = A y L ,2 1 2
< <x w xA q L = L , L .1 2 1
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Then the Dirichlet problem
x0 s f t , x , x9 , 0 - t - 1, .
2.32 .
x 0 s A , x 1 s A q B .  .
has at least one solution x: L - x9 - L .2 1
Similarly, from Theorem 3 we get the following
w xCOROLLARY 4. Let f : 0, 1 = R = R ª R be continuous. Suppose there
are constants L , L : L - A - L such that3 4 4 3
 .  .  . w < < < <x  .i f t, x, L F 0 for t, x = B y L , B q L 2.333 3 4
 .  .  . w < < < <x  .ii f t, x, L G 0 for t, x = B y L , B q L 2.344 3 4
 .  .  . w x w < <iii A y L - f t, x, p - A y L for t, x, p g 0, 1 = B y L ,3 4 3
< <x w x  .B q L = L , L . 2.354 4 3
Then the problem
x0 s f t , x , x9 , 0 - t - 1 .
x 0 s yA q B , x 1 s B .  .
has at least one solution x: L - x9 - L .4 3
3. FURTHER RESULTS
w xTHEOREM 4. Let f : 0, 1 = R = R ª R be continuous. Suppose there
are constants L , L , L , L : L - L F B, L ) L G B, such that1 2 3 4 3 4 2 1
w x w xf t , x , p G 0 for t , x , p g 0, 1 = R = L , L 3.1 .  .  .1 2
w x w xf t , x , p F 0 for t , x , p g 0, 1 = R = L , L 3.2 .  .  .3 4
L y B L y B4 1 w xF f t , x , p F for t , x , p g 0, 1 = R = R. .  .
1 y h 1 y h
3.3 .
 .  .Then L F x9 F L for each solution of 2.4 ] 2.5 .4 1
2w x  .  .Proof. Let x g C 0, 1 be any solution of 2.4 ] 2.5 . Then there is
 .  .  .d g h, 1 such that x9 d s B. Using 3.3 , we get
1
x9 1 s x9 d q x0 s ds .  .  .H
d
1
s B q f s, x s , x9 s ds .  . .H
d
L y B1 1F B q ds F L .H 11 y hd
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 .Similarly, we get that x9 1 G L . Therefore4
L F x9 1 F L . 3.4 .  .4 1
Set
<w xS s t g 0, 1 L - x9 t F L and 4 .0 1 2
<w xS s t g 0, 1 L F x9 t - L . 4 .1 3 4
We claim that
S s B and S s B. 3.5 .0 1
w xSuppose that S / B. Then there is t g 0, 1 such that0 0
L - x9 t F L . 3.6 .  .1 0 2
 .From 3.1 we know that
w xx0 t s f t , x t , x9 t G 0 for t g t , 1 l S . 3.7 .  .  .  . . 0 0
 . 1This together with the facts that x9 t ) L and x9 g C implies that0 1
 .  .x9 1 ) L , which contradicts 3.4 . Therefore S s B. Similarly we can1 0
show that S s B.1
 .  .Thus, from 3.4 and 3.5 we conclude that
w xL F x t F L for t g 0, 1 . .4 1
This completes the proof of Theorem 4.
Remark 4. In the proof of Theorem 2, we show that
L - x9 - L for each x g D , 3.8 .2 1
 2w x <  .  .where D s x g C 0, 1 x y m is a solution of 2.19 ] 2.13 such that
4L F x9 F L . So we can obtain the following estimate for x,1 2
< < < <A y L F x F A q L . 3.9 .2 1
But in the proof of Theorem 3, we show that
L F x9 F L for each solutiont of 2.4 ] 2.5 . .  .4 1
Since an estimate for x cannot be obtained, we need the stronger condi-
 .  .tions 3.1 ] 3.3 .
Remark 5. It is easy to deal with the limiting cases h s 0 and h s 1,
and the ``Dual'' of Theorem 4. We omit them.
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4. APPLICATION
EXAMPLE 1. Consider the problem
x0 s f t , x , x9 , 0 - t - 1, .
x 0 s x 1 s 0, .  .
3 4 2 2 .  .where f t, x, p s p q x sin x q t q 1r16.
w xIt is clear that the results of 8 do not apply to this example, since there
 .4 w x  .is a sequence t , x : t g 0, 1 and x ª q` as n ª ` , such thatn n n n
x f t , x , 0 - 0. .n n n
1 1On the other hand, if we take that L s , L s y , then the existence1 22 2
of a solution for this problem is an immediate subsequence of Corollary 3.
EXAMPLE 2. Consider a nonlinear second order three-point boundary
value problem of the form
x0 s f t , x , x9, l , 4.1 .  .
x 0 s 0, x h s 0, x 1 s 0, 4.2 .  .  .  .
 .where h g 0, 1 . This kind of boundary value problem has been investi-
w x w xgated by Boucherif 3 and Thomas and Zachmann 14 . In the following
 .  .we show a new result for 4.1 ] 4.2 .
w x 2 w xTHEOREM 5. Let f : 0, 1 = R = a, b ª R be continuous. If
 .  .  . w x w xi f t, x, p, l p ) 0 for p / 0 and t, x, l g 0, 1 = R = a, b ,
 .4.3
 . <  . <  . w x 2 w x  .ii f t, x, p, l F C for t, x, p, l g 0, 1 = R = a, b , 4.40
for some constant C ) 0, then there is a constant C ) 0, such that0 1
< < w xx t F C , t g 0, 1 4.5 .  .1
df 2 w x < .  .  .for each x g S s u g C 0, 1 l, u is a solution of 4.1 ] 4.2 for some
w x4l g a, b .
 .Proof. To show 4.5 holds for each x g S, it is enough to show that
 .4.5 holds for each solution of the problem
x0 s f t , x , x9, l , 4.6 .  .
x 0 s 0, x h y x 1 s 0. 4.7 .  .  .  .
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If we take the constants L , L , L , L such that1 2 3 4
L - L - yC - 0 - C - L - L , 4.8 .3 4 0 0 1 2
then by Theorem 4, we know that
w xL F x9 t F L , t g 0, 1 4.9 .  .4 1
 .  .  .  .for each solution l, x of 4.6 ] 4.7 . Inequality 4.9 together with the
 .boundary condition 4.7 implies that
< < w xx t F C , t g 0, 1 4.10 .  .0
 .  .for each solution x of 4.6 ] 4.7 .
The completes the proof of Theorem 5.
The existence and uniqueness of third order boundary value problems
deserve a good deal of attention, since they occur in a wider variety of
w x w xapplications, see 1 . In 1 Aftablzadeh, Gupta, and Xu assumed a growth
restriction on the nonlinearity g of the form
< < < < 2g x , u , ¨ , w F a x , u , ¨ u q b x . 4.11 .  .  .  .
In the following three examples, we deal with third order three-point
 .boundary value problems without the condition 4.11 .
Example 3. Consider the problem
w x  4x- s P x0 , t g 0, 1 , m g N _ 1 4.12 .  .m
x9 0 s x0 1 s x m s 0, 0 F m F 1. 4.13 .  .  .  .
 .If the polynomial P u has a simple zero bigger and simple zero smallerm
 .  . 3w xthan 0, then 4.9 ] 4.10 is solvable in C 0, 1 .
 .  .To study 4.12 ] 4.13 , we reduce it to a second order problem by means
 . t  .of the transformation x t s H y s ds. This gives the equivalent problemm
y0 t s P y9 t , 4.14 .  .  . .m
y 0 s y9 1 s 0. 4.15 .  .  .
 .  . 2w xBy Corollary 1, we known that 4.14 ] 4.15 has a solution y in C 0, 1 .
EXAMPLE 4. Consider the problem
x- s f t , x9, x0 , 0 - t - 1, 4.16 .  .
x9 0 s x9 1 s x m s 0, 0 - u - 1, 4.17 .  .  .  .
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3 4 2 2 .  .where f t, p, w s w q p sin p q t q 1r16. It is clear that the results
w xof 1 do not apply to this example. On the other hand, by means of the
 . t  .  .  .transformation x t s H y s ds, 4.16 ] 4.17 is equivalent to the problemm
y0 s f t , y , y9 , 4.18 .  .
y 0 s y 1 s 0. 4.19 .  .  .
 .  . 2w xFrom Example 1 we know that 4.18 ] 4.19 is solvable in C 0, 1 . There-
 .  . 3w xfore 4.16 ] 4.17 is solvable in C 0, 1 .
EXAMPLE 5. Consider the problem
x- s f x0 , 4.20 .  .
x9 0 s x m s x0 1 s 0, 0 - u - 1. 4.21 .  .  .  .
THEOREM 6. Let f : R ª R be continuous. If
f w w ) 0 for w / 0, 4.22 .  .
 .  .then 4.20 ] 4.21 has no nontri¨ ial solution.
 . 1  .  .  .Proof. By means of the transformation x t s H y s ds, 4.20 ] 4.21m
is equivalent to the problem
y0 s f y9 , 4.23 .  .
y 0 s y9 1 s 0. 4.24 .  .  .
 .  .  .  .Let x be any solution of 4.20 ] 4.21 . Then y t s x9 t is a solution of
 .  .4.23 ] 4.24 . Now, it is easy to see that for each k g N, if we take that
L s y1rk, L s y1r2k, L s 1r2k, L s 1rk, and use a subsequence3 4 1 2
of Theorem 4 when h s 1, we get that
1 1
w xy F y9 t F , t g 0, 1 . .
2k 2k
Thus
w xy9 t ' 0 for t g 0, 1 . 4.25 .  .
 .  .Relation 4.25 together with the boundary condition 4.24 implies
w xy t ' 0 for t g 0, 1 . 4.26 .  .
Therefore
t w xx t s y s ds s 0 for t g 0, 1 . .  .H
m
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